INTRODUCTION
A symplectic pair on a smooth manifold M is a pair of closed two-forms ω and η of constant and complementary ranks, for which ω restricts as a symplectic form to the leaves of the kernel foliation of η, and vice versa. This definition from [9] , see also [5] , is analogous to that of contact pairs and of contact-symplectic pairs introduced in [2, 3, 4] . In this paper we prove analogs of the stability theorems of Gray [8] and Moser [12] for all these structures.
Gray [8] proved that for a smoothly varying family ξ t of contact structures on a closed manifold there exists an isotopy ϕ t with ϕ * t ξ t = ξ 0 . It is easy to see that in general one cannot obtain an isotopy of contact forms, but only of contact structures. Moser [12] proved a corresponding theorem for families of volume forms or symplectic forms. In this case one has to assume that the de Rham cohomology class of the forms is constant, and one obtains an isotopy of forms.
In our situation of symplectic or contact pairs, we have to take into account the diffeomorphism types of the foliations involved. It is now well known that for geometric structures with underlying foliations there can be no general stability theorems, as the diffeomorphism type of the foliations may vary smoothly and non-trivially, cf. for example [1, 7, 11, 14] . We shall give explicit examples in which such a variation happens for symplectic pairs (with constant cohomology classes). The constructions of [5] then allow us to exhibit the same phenomenon for contact-symplectic and for contact pairs.
To obtain stability theorems, we can only consider families in which the underlying foliations are constant. In this case we have to make assumptions not on the de Rham cohomology classes of forms, but on their cohomology classes in a refined or foliated cohomology. In a similar vein, Ghys [6] has adapted Moser's argument for volume forms to leafwise volume forms for a foliation F . To obtain the desired stability result he assumed that the cohomology class of the volume forms is constant in the leafwise cohomology of F . It is obvious that this adaptation also works for leafwise symplectic forms whose cohomology classes are constant in leafwise cohomology.
Our setup is slightly more complicated. We are not interested in isotopies of leafwise forms only, but in isotopies of forms on the whole manifold. Assuming that the relevant cohomology classes are constant in de Rham cohomology, it follows by restriction that they are constant in leafwise cohomology. However, it will turn out that the desired isotopy exists if and only if a stronger condition is satisfied: the cohomology classes should be constant in the basic cohomology of the complementary foliation. We shall give examples which show that this condition cannot be enforced by assuming only constancy in de Rham cohomology.
In Section 5 we define contact-symplectic and contact-contact structures, which generalize contact-symplectic and contact pairs respectively by replacing the constant class conditions on one-forms by the constant class condition on their kernel hyperplane distributions. We give explicit examples of such structures which cannot be defined by contact-symplectic or contact pairs, and we prove the appropriate stability theorems. Note that each half of a contact-contact structure and the contact half of a contact-symplectic structure are hyperplane distributions of constant class in the sense ofÉ. Cartan. For such hyperplane distributions an analogue of Gray's theorem was proved by Montgomery and Zhitomirskii [11] , and our stability theorem for contact-contact structures reproves and generalizes their result.
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PRELIMINARIES ON FOLIATED COHOMOLOGY
In this section we recall the notions from foliated cohomology that will be needed for our arguments. We refer the reader to [10, 13] for further information.
Let F be a smooth foliation on M. We denote by I(F ) the (graded) ideal in the de Rham complex consisting of forms vanishing on F . By the Frobenius theorem this ideal is closed with respect to the exterior differential d. Thus we have a short exact sequence of differential complexes
with an induced differential in the quotient complex. This quotient complex, also denoted Ω * (F ), is the complex of leafwise forms for F . Its cohomology, denoted H * (F ), is called the foliated, or leafwise, cohomology of F .
The exact sequence (1) gives rise to a long exact sequence in cohomology, whose connecting homomorphism is induced by the exterior differential. In part, we have:
This exact sequence explains the relationship between different conditions one can impose on the cohomology classes of closed 2-forms which are in the ideal of one foliation and are nondegenerate on another foliation, complementary to the first one. For example, if F is the kernel foliation of a closed two-form ω of constant rank, then
, but not the other way around. Now suppose that F has codimension q and α is a global defining q-form. This is well-defined up to multiplication by a nowhere vanishing function. By the Frobenius theorem there exists a 1-form β such that dα = α ∧ β. Fixing α, this β is well-defined up to addition of an element τ ∈ I 1 (F ). The following is well-known: Note that the foliations induced by a symplectic, contact or contact-symplectic pair are always defined by closed forms, and so have vanishing Reeb class.
We now introduce the complex of basic forms for a foliation F :
This is a subcomplex of the de Rham complex, and its cohomology, denoted H * b (F ), is called the basic cohomology of F . If F is the kernel foliation of a closed p-form α, then α is a basic form and defines a class [α] ∈ H p b (F ). In our stability theorems we shall use the second basic cohomology to formulate the cohomological condition for the existence of an isotopy of symplectic or contactsymplectic pairs with constant characteristic foliations. We shall use the following facts, see [13] :
. In particular it is finite-dimensional if the base B is compact.
Example 2.
If F is the horizontal foliation of a flat bundle with fiber F obtained by suspending
is isomorphic to the cohomology of the subcomplex of ρ-invariant forms in Ω * (F ). In particular, it is often infinite-dimensional.
Note that the inclusion
i : Ω * b (F ) → I(F ) induces a map i * : H * b (F ) → H * (I(F )) in cohomol- ogy.
Lemma 2. The map i * is an isomorphism in degree 1, and is injective in degree 2.
Proof. A closed 1-form in the ideal is basic, and so i * is surjective in degree 1.
Suppose α is a basic p-form such that i * ([α]) = 0. Then there is a (p − 1)-form in the ideal such that dβ = α. For p = 1 the form β is a function and vanishes identically, so i * is injective in degree 1. For p = 2 the form β is a one-form satisfying β(X) = 0 for all X ∈ T F . Moreover, L X β = i X dβ = i X α, and this vanishes as α is basic. Thus β is basic and i * is injective in degree 2 as well.
MOSER'S THEOREM FOR SYMPLECTIC PAIRS
In this section we consider smoothly varying families of symplectic pairs (ω t , η t ) on a closed manifold M. This means that ω t and η t are closed 2-forms of constant and complementary ranks, ω t restricts as a symplectic form to the leaves of the kernel foliation F t of η t , and η t restricts as a symplectic form to the leaves of the kernel foliation G t of ω t . In particular, F t and G t are complementary smooth foliations.
We first show that there are such families with nondiffeomorphic foliations.
Example 3. Let (F, ω F ) be a closed symplectic manifold. Choose a nontrivial smoothly varying family ϕ t ∈ Symp 0 (F ) of symplectomorphisms of F isotopic to the identity. In fact, we may
, endowed with the varying horizontal foliations given by considering M as the mapping torus of ϕ t . We can think of N = M × S 1 as a foliated bundle over
The form ω t induced on N from ω F by suspending ϕ t and the pullback η of a volume form on T 2 to N form a symplectic pair with constant η. The kernel foliation of ω t however varies in a nontrivial way. For t = 0 we assume that ϕ 0 is the identity, so all the leaves of the kernel foliation of ω t are closed. For positive t we can introduce non-closed leaves by choosing the family ϕ t appropriately. Remark 1. The above variation in the diffeomorphism type of the foliations can not be controlled by assumptions on the cohomology classes of the forms involved. Lemma 8 of [9] shows that if the family ϕ t consists of Hamiltonian symplectomorphisms, then the cohomology class of ω t is constant. Moreover, in this case it is integral if ω F is integral on F .
From now on we only consider families of symplectic pairs for which the foliations F t and G t are independent of t. Thus ω t and η t (or their maximal nonzero powers) are defining forms for G and F respectively, for all t. To obtain an isotopy of symplectic pairs we have to assume at least that [ω t ] and [η t ] are constant in the de Rham cohomology of M. The exact sequence (2) then shows that [ω t ] and [η t ] are also constant in the leafwise cohomologies H 2 (F ) and in H 2 (G) respectively. This is the analog of the assumption in Ghys's leafwise Moser argument [6] . It turns out that we need more, and that the precise condition for the existence of an isotopy involves either the cohomology of the ideals of the foliations, or their basic cohomology.
Note that η t is a basic form for F , and ω t is basic for G. Lemma 2 shows that assuming these forms to represent constant cohomology classes in the basic cohomology is in fact equivalent to the assumption that they are constant in the cohomology of the ideals. Thus, in the following stability theorem the assumption about the basic cohomology classes could be replaced by an equivalent assumption involving the cohomology of the ideals 1 . Theorem 1. Let (ω t , η t ) be a smooth family of symplectic pairs on a closed smooth manifold M, such that the kernel foliations F = Ker(η t ) and G = Ker(ω t ) are independent of t ∈ [0, 1]. Then there exists an isotopy ϕ t with ϕ * t ω t = ω 0 and ϕ * t η t = η 0 if and only if the basic cohomology
The assumptions imply that the cohomology classes are constant in de Rham cohomology. Clearly the isotopy preserves the foliations.
Proof. Suppose that the isotopy ϕ t exists. Let X t be the time-dependent vector field generating it. Then we have
Mutatis mutandis this remark applies to the stability theorems for contact-symplectic pairs and contact-symplectic structures as well. becauseω t is also basic for G. Thus we conclude that [ω t ] = 0 ∈ H 2 b (G), and this condition is necessary for the existence of an isotopy. Similarly we derive the necessity of
i Xt (ω t + η t ) = −α t − β t .
As ω t + η t is non-degenerate, X t exists and is uniquely determined. Rewriting (3) in the form
we have an identity of one-forms, where the left-hand side is in I(G) and the right-hand side is in I(F ). This means that both sides vanish. Consider now the flow ϕ t of X t . We have
by the vanishing of the left-hand side of (4) and the definition of α t . Thus ϕ * t ω t = ϕ 0 for all t ∈ [0, 1]. Similarly the vanishing of the right-hand side of (4) and the definition of β t show that ϕ * t η t = η 0 , so that we have an isotopy between (ω 1 , η 1 ) and (ω 0 , η 0 ).
If we assume that M is 4-dimensional and consider symplectic pairs (ω, η) with both two-forms of rank two, then these two-forms are leafwise volume forms on F and G respectively. Thus, unlike for general symplectic forms we can take convex combinations as follows. If (ω 1 , η 1 ) and (ω 2 , η 2 ) are two symplectic pairs with the same kernel foliations F and G, and inducing the same orientations on the leaves, then the combinations (tω 1 + (1 − t)ω 2 , tη 1 + (1 − t)η 2 ) also have these properties for all t ∈ [0, 1]. If we assume in addition that the two pairs we start with represent the same cohomology class in
, then the argument above produces an isotopy between them. Moreover, the argument works with arbitrary parameters in a compact space, so that we obtain the following: 
is a weak homotopy equivalence for the C ∞ topology on the two groups.
Such a result was proved for volume forms by Moser [12] , and for leafwise volume forms by Ghys [6] .
Finally, we want to show that the assumptions about constancy of basic cohomology classes do not follow from the other assumptions in our setup. For this we use an example originally described by Ghys (unpublished) for different reasons.
Example 4.
Let N be the T 2 -bundle over S 1 with monodromy φ = 1 1 0 1 . Then M = N ×S 1 is a foliated T 2 -bundle over T 2 with area-preserving holonomy carrying an obvious symplectic pair (ω, η), where ω is induced by a φ-invariant area form on the fiber, and η is a pullback from the base.
Let G = Ker(ω) be the horizontal foliation. By Example 2 the basic cohomology H 2 b (G) is infinitedimensional, and so we can certainly choose some nontrivialω in the kernel of H 2 b (G) → H 2 (M). Setting ω t = ω + tω for |t| small enough, we obtain a family of symplectic pairs (ω t , η) which have fixed foliations and de Rham cohomology classes, but which cannot be isotopic by Theorem 1.
GRAY'S THEOREM FOR CONTACT AND CONTACT-SYMPLECTIC PAIRS
Contact pairs and contact-symplectic pairs were introduced in [2, 3, 4] , to which we refer for the basic properties.
We first recall the notion of class of a differential form.
Definition 1.
The characteristic subspace of α at a point p ∈ M is the subspace C p (α) ⊂ T p M given by the intersection of the kernels of α p and of dα p . The class of α at p is the codimension of C p (α).
A useful way for checking the class of a form of degree 1 or 2 is given by the following: 
Lemma 3. The class of a closed 2-form η on M is even, and equal to its rank. Thus the class of η at p is equal to 2k if and only if η
It is easy to show that if ω has constant class on M then its characteristic distribution is completely integrable. The resulting foliation is called the characteristic foliation of ω. Its codimension is the class of ω.
We consider manifolds equipped with a pair of forms of constant class satisfying certain additional conditions:
Definition 2 ([2, 3]).
A pair (α, η), where α is a 1-form and η is a closed 2-form, is called a contact-symplectic pair of type (h, k) if the following conditions are satisfied: α ∧ (dα) h ∧ η k is a volume form, (dα) h+1 = 0 and η k+1 = 0.
It follows from the definition that α has constant class 2h + 1 and η has constant class 2k, that their characteristic foliations are transverse, and that the leaves carry induced symplectic respectively contact structures. For these pairs there is a notion of Reeb vector fields, explained in the next proposition: Note that by definition R is tangent to the kernel foliation of η. We want to consider smoothly varying families of contact-symplectic pairs (α t , η t ). According to Definition 2 this means that α t is a one-form of constant class 2k + 1, η t is a closed 2-form of constant rank 2l such that the kernel foliations G t of α t ∧ (dα t ) k (which is equal to Ker(α t ) ∩ Ker(dα t )) and F t of η t are complementary, α t restricts as a contact form to the leaves of F t , and η t restricts as a symplectic form to the leaves of G t .
Performing a leaf-wise Boothby-Wang construction as in [5] on the symplectic pairs in Example 3, we obtain a smoothly varying family of contact-symplectic pairs with non-diffeomorphic foliations. Thus, to obtain a stability result we need to assume again that the foliations F t and G t are independent of t ∈ [0, 1]. 
We do not give the proof here, because Theorem 3 is a special case of Theorem 5 proved below in the more general context of contact-symplectic structures.
Next we recall the definition of contact pairs:
Definition 3 ([2, 4]).
A pair (α, β) of 1-forms on a manifold is said to be a contact pair of type (h, k) if the following conditions are satisfied:
The forms α and β have constant class 2h + 1 and 2k + 1 respectively, and the leaves of their characteristic foliations have induced contact structures.
Manifolds with contact pairs carry a pair of Reeb vector fields: 
Again performing leaf-wise Boothby-Wang constructions as in [5] on the symplectic pairs in Example 3, we obtain smoothly varying families of contact pairs with non-diffeomorphic foliations. Thus, to obtain a stability result we need to assume that the foliations F and G are independent of t ∈ [0, 1].
Theorem 4.
Let (α t , β t ) be a family contact pairs of type (h, k) on a closed smooth manifold M, such that the kernel foliations F = Ker(α t ∧ (dα t ) h ) and G = Ker(β t ∧ (dβ t ) k ) are independent of t ∈ [0, 1]. Then there exists an isotopy ϕ t with ϕ * t α t = f t α 0 and ϕ * t β t = g t β 0 . This is a special case of Theorem 6, which we prove below in the more general context of contact-contact structures.
CONTACT-SYMPLECTIC AND CONTACT-CONTACT STRUCTURES
In this section we introduce contact-symplectic and contact-contact structures, which are generalizations of contact-symplectic and of contact pairs respectively, and we prove stability theorems for these new structures.
Definition 4.
A pair (ξ, η) of a hyperplane field ξ and a closed 2-form η on a (2n + 1)-dimensional manifold M is called a contact-symplectic structure of type (h, n − h) if ξ can be defined by a 1-form α such that the following conditions are satisfied:
Clearly these conditions do not depend on the choice of defining form α. Since dα + η has constant rank 2n and its kernel is not contained in the kernel of α, the following definition makes sense:
Definition 5. The Reeb vector field R of (α, η) is the unique vector field such that α(R) = 1 and i R (dα + η) = 0.
The Reeb vector field is not an invariant of the contact-symplectic structure, but depends on the choice of form α.
It is well-known that given a hyperplane field ξ = Ker α of constant class h, i. e. with α ∧ (dα) h+1 = 0 and α∧(dα) h = 0 for one and therefore all defining forms α, the distribution Ker(α∧ (dα) h ) is completely integrable, and locally there exists a form β of constant class (as a form) such that Ker(α∧(dα) h ) = Ker(β). Thus a contact-symplectic structure, like a contact-symplectic pair, determines two complementary foliations which have symplectic and contact leaves respectively. It is also clear that a contact-symplectic pair determines a contact-symplectic structure, but the converse is not true, as shown by the following example:
Example 5. Let M be any closed oriented three-manifold which does not fiber over the circle, endowed with a taut foliation F given by the kernel of a one-form α. There exists a one-form β such that dα = α ∧ β, and β represents the Reeb class of F . Since we have chosen M not to fiber over the circle, α can not be closed, and the Reeb class [β] ∈ H 1 (F ) is non-zero. As we have chosen F to be taut, there exists a closed two-form η such that α ∧ η > 0. It follows that (Ker(α), η) is a contact-symplectic structure of type (0, 1) which cannot be defined by a contact-symplectic pair of forms of constant class (as forms).
Example 6. For a slightly more complicated example take M as above and consider the manifold N = M × T 2 endowed with the pair (Ker(γ), η), where γ = cos xα + sin xdy and x and y are standard coordinates on the torus. An easy calculation shows that this is a contact-symplectic structure of type (1, 1), and that d(γ ∧ dγ) = γ ∧ dγ ∧ (2 cos 2 x · β), where β represents the Reeb class of F . This means that the foliation defined by γ ∧ dγ has non-zero Reeb class 2 cos 2 x · β and therefore cannot be defined by a closed form. This implies that the contact-symplectic structure does not come from an underlying contact-symplectic pair.
Next we generalize the notion of contact pairs: Definition 6. A pair (ξ, σ) of hyperplane fields on a (2n + 2)-dimensional manifold M is called a contact-contact structure of type (h, n − h) if there are defining one-forms α and β for which the following conditions are satisfied:
The conditions in the definition are independent of the choice of defining forms α and β. We define a Reeb distribution as follows: Definition 7. The Reeb distribution R consists of the tangent vectors Y satisfying the equation
It is easy to see that this is a smooth distribution of rank two, which depends on the choice of α and β. We can unravel the definition as follows. The 2-form dα + dβ has rank at least 2n, because it is non-degenerate on the transverse intersection of the hyperplanes ξ and σ. If its rank at a point is exactly 2n, then at that point the fiber of the Reeb distribution R is the kernel of dα + dβ. If the rank of dα + dβ at a point is not 2n, then the form is symplectic in an open neighbourhood of that point in M, and on that neighbourhood R is the symplectic orthogonal of ξ ∩ σ. If A and B commute, then dα+dβ vanishes on R, the span of A and B. If dα+dβ had maximal rank 2n + 2, then it would have to be nondegenerate on R, the symplectic orthogonal of ξ ∩ σ.
Conversely, if dα + dβ has rank 2n everywhere then it defines a 2-dimensional foliation, whose leaves are tangent to R. Thus i A (dα + dβ) and i B (dα + dβ) vanish, so that by the formulae above
The Reeb distribution and the Reeb vector fields are not invariants of the contact-contact structure, but they depend on the forms (α, β). If the contact-contact structure can be defined using a contact pair (α, β) of constant class in the sense of Definition 3, then the Reeb vector fields defined above coincide with those in Proposition 3, they commute, and the Reeb distribution R is integrable.
Example 7.
Consider again a three-manifold M with a taut foliation F that cannot be defined by a closed form, as in Example 5. The two-form η which is positive on the leaves of the foliation can be taken to represent an integral cohomology class. Let π : N → M be the circle bundle with Euler class [η], endowed with a connection one-form γ with dγ = π * η. If α is any defining form for F , then π * α and γ are defining forms for a contact-contact structure on N which cannot be defined by a contact pair. Nevertheless, the Reeb vector fields for π * α and γ commute.
For both contact-symplectic and contact-contact structures the Reeb classes in the sense of Lemma 1 of the characteristic foliations are the obstructions to finding a contact-symplectic or contact pair which defines the structure.
To prove the stability theorems, we need the following:
Lemma 4. Let α be a one-form such that α ∧ (dα) h = 0 and α ∧ (dα) h+1 = 0 and let X be a vector field tangent to the kernel of α. Let F be the kernel foliation of α ∧ (dα)
h . Then i X dα is in the ideal I(F ).
Proof. Contracting α ∧ dα h+1 = 0 with X we obtain (i X dα) ∧ α ∧ dα h = 0, which simply means that i X dα is in the ideal I(F ).
Given a contact-contact structure as above, we can also define leafwise Reeb vector fields as the vector fields tangent to the characteristic foliations, which on each leaf are the Reeb vector field of the induced contact structure: Definition 9. The leafwise Reeb vector fields R α and R β are the unique vector fields tangent to Ker(β ∧ (dβ) n−h and Ker(α ∧ (dα) h respectively satisfying the conditions:
The following proposition gives a relation between the Reeb vector fields in the sense of Definition 8 and the leafwise Reeb vector fields: Proposition 5. The leafwise Reeb vector field R α is the projection of A to Ker(β ∧ (dβ) n−h ) along Ker(α ∧ (dα) h ), and similarly for R β .
Proof. We show that A projects to R α , the other case being completely symmetric. The definition of A implies that there exists a function f : M → R such that i A (dα + dβ) = f β. Wedging both sides of this equality with β ∧ (dβ) n−k we obtain (i A dα) ∧ β ∧ (dβ) n−k = 0 because (i A dβ) ∧ β ∧ (dβ) n−k = 0 by Lemma 4. Thus the vector field X = A − R α satisfies (i X dα) ∧ β ∧ (dβ) n−h = 0. It also satisfies (i X dα) ∧ α ∧ (dα) h by Lemma 4 because i X α = 0. Thus we conclude i X dα = 0. The vector field X is therefore tangent to Ker(α ∧ (dα) h ) because (i X α) ∧ α ∧ (dα) h = 0.
In general the Reeb vector fields A and B and the leafwise Reeb vector fields R α and R β are different. We introduced A and B because they will be useful in the proofs of the stability theorems.
Finally, here is the stability theorem for contact-symplectic structures:
by the definition of β t , and
